Recently the partial wave cutoff method was developed as a new calculational scheme for a functional determinant of quantum field theory in radial backgrounds. For the contribution given by an infinite sum of large partial waves, we derive explicitly radial WKB series in the angular momentum cutoff for d = 2, 3, 4 and 5 (d is the spacetime dimension), which has uniform validity irrespectively of any specific values assumed for other parameters. Utilizing this series, precision evaluation of the renormalized functional determinant is possible with a relatively small number of low partial wave contributions determined separately. We illustrate the power of this scheme in numerically exact evaluation of the prefactor (expressed as a functional determinant) in the case of the false vacuum decay of 4D scalar field theory. * Electronic address: hurjin@kias.re.kr † Electronic address: hsmin@dirac.uos.ac.kr
I. INTRODUCTION
Functional determinants of (ordinary or partial) differential operators arise in many areas of physics: for instance, in connection with the one-loop effective action in quantum fieldtheoretic studies and in the semiclassical approximation to quantum mechanical tunneling amplitudes. However, explicit evaluation of these quantities, especially with partial differential operators involving nontrivial background fields, is usually a very difficult problem.
Explicit analytic results are known only in some simple cases, such as the one-loop effects in constant electromagnetic fields in QED [1, 2, 3] and in a covariantly constant field strength in non-Abelian gauge theories [4, 5] . Therefore various methods for approximate calculation were considered, the large mass expansion [6] and the derivative expansion [7, 8] being good examples of them. But the validity of these approximate methods crucially depends on the range of various parameters entering the problem.
Recently there has been a significant progress in this problem, at least when the differential operators are separable. Especially, for background fields having radial symmetry, a method using the partial wave analysis has been developed in the form of the partial wave cutoff method [9, 10] . This method was first used in the computation of QCD instanton determinant [9] for an arbitrary value of quark mass. (The same quantity with massless quarks was calculated in a classic paper by 'tHooft [11] long time ago). It was then applied to the evaluation of the one loop effective action for more general classes of radial background fields [10] . The prefactor in the false vacuum decay rate, which requires an evaluation of the functional determinant also, is calculated by the same method [12, 13] .
Of crucial importance in the above-mentioned calculational scheme is to find a simple way to extract a finite renormalized quantity from the infinite sum of partial wave contributions.
In [9] this was achieved by introducing a cutoff in the partial wave sum and then finding a uniform radial WKB expansion for the sum of partial waves beyond the cutoff value (which is combined with the conventional renormalization counterterms). Combining the leading terms of this WKB expansion with the contribution from partial waves below the cutoff value, it is possible to secure a finite renormalized value in the limit of large cutoff value.
[In [14] , similar results were obtained using the zeta function technique]. More recently it is observed that the inclusion of higher order terms in the uniform radial WKB expansion greatly improves the rate of convergence for the infinite sum of partial wave contributions [15] . The computational labour needed for the functional determinant calculation is thus much reduced. Efficiency of this scheme will become especially conspicuous for functional determinants of higher-dimensional differential operators, thus making it an effective tool also for the studies of higher-dimensional quantum field theories.
In the present paper we will give a simplified derivation of the uniform WKB expansion and provide explicitly several leading terms of this expansion (needed for fast precision evaluation of functional determinants) in general contexts. It is our hope that these explicit results find useful applications in various related problems. This paper is organized as follows. In Section II the partial wave cutoff method is explained briefly and the desired form of the asymptotic WKB series is presented. In Section III, after introducing the proper-time representation of the radial functional determinant, we derive the large l expansion of the proper-time Green function. In Section IV the infinite sum of contributions from high angular momentum is explicitly evaluated using the radial WKB series and the Euler-Maclaurin summation method and then the uniform WKB expansions (as descending series in the angular momentum cutoff L) are presented in various dimensions i.e., for d = 2, 3, 4, 5. Our formulas for the renormalized functional determinants have definitely faster convergence property compared, say, to those given in [14] . In the next section we consider a direct application of these results, finding a more accurate value for the false vacuum decay rate in the context of 4D scalar field theory. In Section VI we consider the functional determinant in gauge theories, where the radial potential has a linear dependence in angular quantum number l. But this does not change the general structure, and in this case also the appropriate coefficient functions in the uniform WKB expansion can be found in explicit forms.
II. SETTING UP THE PROBLEM
In order to set the problem precisely, let us start by considering a pair of partial differential
where ∂ 2 = ∂ µ ∂ µ is the Laplace operator in d dimension and V (r) is a radial potential vanishing sufficiently fast at infinity. In the one-dimensional case (i.e., with
V (r)) with the Dirichlet boundary condition on the interval [0, ∞), we can determine the ratio of two functional determinants of the operators with mass m, using the Gel'fand and Yaglom's theorem [16] , as conditions. This method turns the problem of finding an infinite number of eigenvalues into that of finding the solutions to the ODE initial value problems.
Now we consider the case of higher dimensions (i.e., d ≥ 2).
[In this paper we will provide explicit formulas for the cases with d = 2, 3, 4, 5 but the extension to higher dimension is also straightforward]. When the potential is radial, i.e., V = V (r), we can use the partial wave analysis, taking advantage of the spherical symmetry. Formally, for the radially separable operators given in (2.1), the logarithm of the determinant ratio can be written as a sum of the logarithm of radial (that is, one-dimensional) determinant ratios:
Here l denotes the angular momentum quantum number appropriate to each partial wave and
is the degeneracy factor [14, 18] . The associated radial differential operatorM l is given by
and M free l has the same form as M l but without the potential term V (r).
The individual radial determinant ratio in (2.3) is finite and it can be evaluated easily by using the above Gel'fand-Yaglom method; but the sum over l leads to a divergent result.
This problem is related to renormalization and an elegant method to extract the finite or renormalized expression Ω ren from Ω (after a suitable regularization and renormalization)
is presented in [9, 14] . We are concerned here with more practical problem, which should be addressed if one wants the full, including the finite part, expression of Ω ren . The rate of convergence of the l-sum in (2.3) is quite slow, and we require an efficient method to deal with this l-sum. To this end it is convenient to introduce a partial wave cutoff L [10] and to split the sum into two pieces, i.e., the low angular momentum part Ω L and the high angular momentum part Ω H :
) 8) where δΩ denotes the 'conventional' renormalization counterterm. Separate treatment of Ω L and Ω H constitute the crux of the partial wave cutoff method.
The part Ω L (see (2.7)) can be evaluated with the help of the Gel'fand-Yaglom method.
Since the determinant ratio for given l behaves like ∼ 1 l for large l and the degeneracy factor Note that, as L → ∞, unsuppressed terms in the expansion (2.9) may grow like
, but they match precisely the large-L divergences coming from Ω L except for the sign. Hence, combining the large-L-unsuppressed terms of Ω H with Ω L and taking L → ∞ limit, we get a finite renormalized quantity Ω ren , i.e., 11) where N refers to the order of truncation. In this formula the error is indicated by the last term and it is totally under control. It is apparent that, for a given value of the cutoff L,
we get more accurate value of Ω ren by taking into account more
for a given accuracy, we can lower the value of L by including some
We can thus use (2.11) as the basis of precision calculation for functional determinants. In this work, we take N = 4 for concreteness and derive the expressions for Q d−2 , · · · , Q −4 and Q log in dimensions d = 2, 3, 4, 5 to facilitate the use of our formula (2.11) in various physical problems.
III. THE PROPER-TIME RADIAL GREEN FUNCTION AND ITS DERIVATIVE EXPANSION
First we write the partial-wave determinant ratio in a more convenient form
is equal toM l with V = 0. Note that the operatorsM l andM free l do not involve any first order derivative term. It is also convenient to introduce the effective potential
The Schwinger proper-time representation for the determinant ratio, for a partial wave l, is given as
Here the proper-time radial Green function is defined by
corresponds to the one withM free l instead ofM l ) and it satisfies the equation
Since we are interested in the large l behavior of the Green function, let us rescale the potential V l and the proper-time s, following [10] , as
Then (3.7) becomes
From this equation one may readily recognize that the large l expansion is of the same nature as the derivative expansion which is an expansion in the number of derivatives on V l .
In the rest of this section, we develop the derivative expansion of the above proper-time radial Green function. The resulting series will be identical with the large l series considered in [10] , but a simpler derivation is given here. Introducing the momentum variable p, the proper-time Green function can be cast into the form
After moving the last Fourier factor e −ip(r−r ′ ) to the left of the differential operator ∂ r , one may set the coincident limit r ′ = r and get
where a new function K(r, p; s) is introduced. K(r, p; s) satisfies the following differential equation
and the boundary condition K(r, p; 0) = 1. Now, we introduce an auxiliary expansion parameter λ in (3.12), i.e., consider
Then, taking λ as an expansion parameter, a series solution to the above equation can be found with the ansatz:
Plugging (3.14) into (3.13), we find the recurrence relations
together with b 0 = 1 and
With the boundary conditions b k (r, p; 0) = 0, these recurrence relations may be used to determine the coefficient functions
Some leading terms satisfying (3.15) are easily found. Note that, b k (r, p; s) is a simple odd/even polynomial of p when k is odd/even and hence it vanishes as we integrate over p for all odd numbers of k. Here we report a few leading b k 's with even numbers of k (k = 2, 4, 6): 
From the series solution of K(r, p; s) we perform the Gaussian integrations over p. Then the proper time radial Green function at the same points, ∆(r, r; s), is determined as
Clearly, this λ-series is organized according to the total number of derivative on V l . Of course, we can set λ = 1 now. We also remark that, ignoring the last sixth order term in (3.19), the quantum mechanical WKB series used in the approximate evaluation of the instanton determinant in [17] can be obtained from (3.19) if we substitute the relevant expression for the potential V (r).
IV. LARGE L EXPANSION OF THE HIGH ANGULAR MOMENTUM PART
In this section we use the derivative expansion (3.19) to derive the large L expansion in (2.9). To this end it is necessary to identify the structure of the renormalization counterterms, δΩ, first. For simplicity we use the dimensional renormalization method. Setting the dimension of space-time to be d−2ǫ, a dimensionally regularized expression of the functional determinant is, using the proper-time representation, 
∂ 2 V , are sufficient for our purpose.
The integration over s yields
When the dimension of space is an odd number, above expression is finite at ǫ = 0 and does not require any counterterm. However it has a pole when the associated dimension is even and, particularly for d = 2, 4, it has the structure: 4) in the ǫ → 0 limit. For d = 2 and 4 we here choose the renormalization counterterms, assuming the minimal subtraction scheme, as follows:
where γ E is Euler's constant. With these counterterms, Ω H has a finite expression
From the expression (4.7) and the derivative expansion of the proper-time radial Green function ∆ l (r, r; s) obtained in the previous section, the desired large L expansion in (2.9)
can be derived. After plugging (3.19) into (4.7), we may perform the l summation first.
Note that the sum has the structure
This kind of summation cannot be done explicitly; but, with the help of Euler-Maclaurin method, it is possible to obtain the large-L series expansion. In computing the asymptotic expansion of this sum, the most useful form of Euler-Maclaurin formula is for more details. After using Euler-Maclaurin formula and changing the integration variable s with t L 2 , we can find the large L series for the high angular momentum contribution in the following form:
Because of the presence of the degeneracy factor, explicit forms of P −n 's and further evaluation depend on the dimension of the space. However, since the procedure itself is basically the same, we will present the related calculation in detail for d = 2 and only the final results for d = 3, 4, 5 below.
A. 2D
Note that the degeneracy factor is simply g l (2) = 2, which is independent from l. The large L expansion in (4.10) starts from P 0 . Some of the leading coefficient functions P −n are explicitly evaluated as
11)
Other coefficient functions have similar structures: one part being e −t/r 2 times a polynomial in V or its derivatives, and the other part erfc(
) times a different polynomial in V or its derivatives. One may perform t integration with these explicit forms of P −n 's. In performing this process with the first term, P 0 , we find a pole term: explicitly,
divergence is canceled by the renormalization counterterm δΩ. In the evaluation of other terms on the other hand, no such divergence arises and so the limit ǫ → 0 can be taken safely. In the evaluation of these terms, following integral formulas are useful:
where 2 F 1 is the hypergeometric function. Here note that we do not expand the function
as a power series of
(even for a large value of L), for this kind of expansion breaks down when m or/and r get large. Keeping the function u as a whole, we can maintain the uniform nature of our large L expansion.
After the l-sum and the t integration, we can generate a 1 L series for the large partial wave contribution Ω H as desired. The leading term of this series is 18) which is the only nonvanishing term as we let L → ∞ (since Q 0 = 0). Other terms vanish in the limit L → ∞ like L −n (n ≥ 1), but they can be important for L not too large. Some of those secondary leading terms, needed for the fast evaluation of Ω ren , are found to have following forms:
19)
20)
21)
The formula given in [14] can be reproduced immediately, utilizing only the piece Q log above. First note that their result in 2D can be written in the form
Now, using the relation i.e., our expression without any
B. 3D
In 3 dimensions no ultraviolet divergence problem arises in the dimensional regularization procedure and hence no renormalization counterterm is necessary, i.e., δΩ = 0. Now the degeneracy factor is g l (3) = 2l + 1 -it grows linearly with l. Hence the series in (4.10) starts from P 1 . Using the integral formulas in (4.16) and (4.17), we can perform the t integration explicitly to obtain following expressions for the Q's:
26)
29)
30)
These explicit results can be utilized for fast evaluations of Ω ren in d = 3. Note that there is no ln L related term in this dimension.
If one does not care much about the fast convergence of the expression (in the limit
L → ∞), the renormalized quantity Ω ren can be found using only the terms Q 1 and Q 0 above, i.e.,
On the other hand, the 3D formula for the same quantity given in [14] reads
and therefore two quantities in (4.33) and (4.32) are identical.
C. 4D
The degeneracy factor in 4 dimensions is g l (4) = (l + 1) 2 -it grows like a quadratic power in l. The large L series in (4.10) starts from P 2 in this case. The integral formulas in (4.16) and (4.17) enable us to perform the t integration again. After some calculations we have found the following results for the unsuppressed quantities:
36)
rV, (4.37)
Subleading terms in the 1 L asymptotic expansion can also be identified, with the results [14] , we here give the formula presented in [14] :
The l sum of the second term in the above equation yields
while the l sum of the next term, if combined with the last term, produces
On the other hand, our formula for Ω ren using only unsuppressed terms (given in (4.35)-
The difference between Ω ren and (4.43) is
showing that our result is consistent with the 4D formula given in [14] .
D. 5D
The degeneracy factor in the 5 dimensional space is g l (5) = 1 6 (l + 1)(l + 2)(2l + 3). The first term in the large L series in (4.10) will be the term P 3 now. The integral formulas in (4.16) and (4.17) are used in the t integration again. After the l summation and the t integrations, we have found the following results:
49)
50)
51)
52)
One may use these results for fast evaluation of Ω ren in d = 5.
V. THE PREFACTOR IN FALSE VACUUM DECAY RATE
We will here illustrate how the formulas obtained in previous sections can be used to improve the rate of convergence in the calculation of the prefactor in the false vacuum decay. We consider a simple four-dimensional scalar field theory described by the Euclidean action
with
Here the parameter ǫ represents a constant external source, which serves to break the degeneracy of the double-well-type potential. The potential U(φ) has two nondegenerate classical minima, φ − and φ + (> φ − ), with U(φ − ) > U(φ + ). After expanding the field φ about the
it is convenient to rescale the field ϕ and the spacetime coordinates as
in the dimensionless form. Here the parameters m and η are related to the original couplings
Then the classical action in terms of these dimensionless quantities is
with the dimensionless quartic coupling constant α = λm 2 4η 2 . The bounce Φ cl (r), which determines the decay of false vacuum, is a solution to the nonlinear ordinary differential equation
satisfying the boundary conditions
It is hard to solve this equation analytically but one can always find a numerical solution.
The false vacuum decay rate is denoted by γ decay and in the one-loop approximation it is given by [19] 
where the prime on the determinant means that the zero modes (corresponding to translational moves) are removed. In the exponent the first term S[Φ cl ] denotes the classical action of the bounce and δΩ denotes the renormalization counterterms. Note that this quantity γ decay involves the functional determinant and thus it can be evaluated using the methods developed in this paper. The potential V (r) in (2.1) is now fixed as 10) and so the effective potential V l in the radial operator M l for a partial wave with l becomes
For the comparison with the result of [12] , we will call the logarithm of the prefactor in γ decay (with the opposite sign) the effective action Γ. Then the partial wave expression for the renormalized effective action is
. In this expression, Ω 0 has a negative sign and its absolute value is taken. The contribution from the sector with l = 1 involves the zero modes related to translational invariance and it is, having been removed from the sum, written down separately. The analytic expression for that contribution has been found in [12] . The factor 1 2 in front of (5.12) is introduced since we are considering a real single scalar field and (l + 1) 2 denotes the degeneracy factor. In the last term, Φ 0 ≡ Φ cl (0) and Φ ∞ is the coefficient of K 1 (r)/r (K 1 (r) denotes the modified Bessel function) in the large r behavior of Φ cl (r). The coefficient functions Q's are explicitly given in our subsection IV C.
In the case α = 0.5 we plot in FIG. 1 
VI. RADIAL OPERATORS IN GAUGE THEORIES
In this section we consider an application of the large L expansion in (2.9) to gauge theory. In [15] it was used to calculate the renormalized effective actions in classes of radially symmetric background gauge fields. We present here the explicit forms of some coefficients functions Q −n which were announced in that paper.
The one-loop effective action in a gauge theory is expressed by the logarithm of the functional determinant,
where D 2 = D µ D µ and D µ = ∂ µ − iA µ is the covariant derivative operator. We consider two cases with SU(2) backgrounds gauge fields of the form
where µ, ν = 1, 2, 3, 4, η µνa (or η µνi ) are the 't Hooft symbols [11] andû i a unit 3-vector.
The functions, f (r) and g(r) are unspecified so that general (radially symmetric) background fields can be studied. Following [11] , we define the angular momentum operators
η µνa x µ ∂ ν and the SU(2) isospin generators T a = τ a 2
, which satisfy the commuta- are conserved quantities. Therefore, partial waves are specified by the quantum numbers (l, j). For each sector, the radial differential operatorM (l,j) associated with the covariant Laplacian −D 2 assumes the form
with the effective potential
The corresponding radial operator for the free Laplacian −∂ 2 is
Introducing the one-dimensional radial determinant Ω (l,j)
the low angular momentum part of the one-loop effective action can be written as
,l) (6.8) and the corresponding high angular momentum part as
with the renormalization counterterm
[The Pauli-Villas regularization was employed in [15] but we have changed it to the dimensional regularization scheme in this work]. In (6.8) and (6.9) we have rearranged j(= l ± ) and (l + 1 2 , j = l) with the same degeneracy factor (2l + 1)(2l + 2). See [10] for details.
Using the WKB series described in Sec.III, the high partial-wave contribution (6.9) can be calculated analytically in the form of large-L asymptotic series. The calculational step is almost the same as that described in Sec. IV. A part of the result was presented in [15] by the form
The first few terms, i.e., Q log , Q 2 , Q 1 , Q 0 and Q −1 are given by relatively short expressions and they are already presented in [15] . We here report the explicit expressions for Q −2 and Q −3 :
+4r(1760u where u(r) = 1 + m 2 r 2 4L 2 , H(r) = r 2 f (r) and G(r) = H(r)(H(r) − 1). The Q −4 term was also used for the evaluation in [15] , but the expression for Q −4 is quite long and its actual numerical value is rather small in most cases. So we do not present it here.
In [15] it was shown that incorporating the combination ). The radial operator for a given partial wave has the form:
M (l,l 3 ,t 3 ) = −∂ 2 r + V (l,l 3 ,t 3 ) , (6.14)
V (l,l 3 ,t 3 ) = (2l + (2l + 1)Ω (l,l 3 ,t 3 ) , (6.16)
VII. CONCLUSION
We have here presented an efficient and precise method for the calculation of functional determinants with radially symmetric differential operators. This method involves the partial wave cutoff technique in which the infinite partial wave summation is separated into two sectors as in (2.6). The first sector is evaluated with the radial Gel'fand-Yaglom method for each partial wave. We have developed the large-L asymptotic series for the second sector,
i.e., for the high angular momentum part. Combining the first sector with the unsuppressed terms of the latter series, the renormalized sum can be found in the L → ∞ limit. Including the subsequent (i.e., A generalization of this work to fermi fields should be important. It can be done by converting the Dirac operator into the squared second order form, and then by applying the method developed in the present work. However it should be possible to develop a more direct fermionic approach, studying the coupled first order equations, along the line of the partial wave cutoff method. Developing a similar partial wave method, to evaluate quantum corrections to the masses of solitons like vortices and magnetic monopoles in gauge theories is certainly an interesting problem.
